Abstract. Suppose that A is a unital purely infinite simple C * -algebra. If the class [1] of the unit 1 in K 0 (A) has torsion, then csr(A) = ∞; if [1] is torsion-free in K 0 (A), then csr(A) = 2. If A is a non-unital purely infinite simple C * -algebra, then csr(A) = 2.
Before considering the connected stable rank of the purely infinite simple C * -algebra, we need to introduce some notation as follows. For the C * -algebra A with unit 1, we denote by U n (A) the group of unitary elements in the matrix algebra M n (A) and also denote by U 0 n (A) the connected component of 1 n in U n (A). We view A n = {(a 1 , . . . , a n ) T |a i ∈ A} as the set of all n × 1 matrices over A. For a = (a 1 , . . . , a n )
T , we set a * = (a * 1 , . . . , a * n )-the 1 × n over A. Put S n (A) = (a 1 , . . . , a n )
S n (A) has the base point e n = (1, 0, . . . , 0) T ∈ A n . Let π 0 (S n (A), e n ) denote the set of all path connected components of S n (A). We identify the path connected component containing e n with zero element "0". Thus from [Sr] , we have csr(A) = min{n|π 0 (S m (A), e m ) = 0, ∀m ≥ n} where csr(A) = min{n|U 0 m (A) acts transitively on S m (A), ∀m ≥ n} is the connected stable rank of A defined in [Rf] . If no such integer exists, we set csr(A) = ∞. If A is not unital, we set csr(A) = csr(A + ), where A + is the C * -algebra obtained from A by adjoining the unit 1. Let p, q be two projections in the C * -algebra A. We write p ∼ q if there is u ∈ A such that p = u * u, q = uu * and denote by [p] the equivalence class of p with respect to "∼" and we also put
Recall that a projection p in A is called infinite if there is a projection q in A such that p ∼ q < p. We say that A is purely infinite if the closure of aAa contains an infinite projection for any positive element a in A (cf. [Cu] ).
YIFENG XUE
From [Cu] we have known that if A is the unital purely infinite simple C * -algebra, then D(A) becomes a group with the natural addition [p] + [q] = [p + q ] and D(A) ∼ = K 0 (A) where p ∼ p, q ∼ q, p q = 0 and K 0 (A) is the K 0 -group of A defined in [Bk] .
Let p be a non-zero projection of the purely infinite simple C * -algebra A with unit 1. Set
It is known from [Rf, Proposition 6.5] 
and if k ≡ 1 mod n for above n, then p can be chosen as p = 1.
From Lemma 1, we can choose k isometries s 1 , . . . , s k in the unital purely infinite simple C * -algebra A such that
It is easy to check that φ k is a * -homomorphism with φ k (1 k ) = 1.
The following corollary somewhat enhances a partial result of [Cu, Lemma 1.8] .
Corollary. Let A be a purely infinite simple C * -algebra with unit 1. Then for any
. . , s k be as above and put
Then it is clear that X * X = 1 k , Y ∈ U 2k (A) and moreover, by the definitions of φ k and Y , we have the following identity:
Noting that Y can be decomposed as the form
we obtain that Y ∈ U 0 2k (A). Therefore applying [LZ, Condition (ii) ] and [Lin, Lemma 2 .2] to (1), we get the assertion.
Let s 1 , . . . , s k be as above.
. This leads to the following lemma.
Proof. Obviously, β is continuous and β(s 1 ) = e k . Now for any (a 1 , . . . , a k ) ∈ S k (A), put u = k i=1 s i a i . Since s * i s j = δ ij 1 and ps i = s i , i, j = 1, . . . , k, it follows that pu = u and
i.e., u ∈ SU p (A). Therefore we can define a continuous map γ :
By the definitions of β and γ, the assertion follows.
Using Lemma 1 and Lemma 2, we then establish the theorem in the following.
Theorem 1. Suppose that A is a unital purely infinite simple
Proof. We assume that n (1 ≤ n < ∞) is the order of [1] in K 0 (A), i.e., n is the least positive integer such that n[1] = 0 in K 0 (A).
If k ≡ 1 mod n, then SU 1 (A) is not connected by Lemma 1 and consequently (2), it follows from the Corollary that there exists
. Therefore π 0 (S k (A), e k ) = 0 by Lemma 2 when k ≡ 1 mod n.
The above shows that csr(A) = ∞ when [1] has torsion. As to the case that [1] is torsion-free in K 0 (A), we can use Lemma 1 and the same method as in the proof of π 0 (S k (A), e k ) = 0 when k ≡ 1 mod n to deduce that π 0 (S k (A), e k ) = 0 ∀k ≥ 2, i.e., csr(A) ≤ 2. Since A contains an isometry s 1 , csr(A) must be equal to two.
Let O n be the Cuntz algebra. Then by Theorem 1, we have csr(O n ) = ∞ (2 ≤ n < ∞), and csr(O ∞ ) = 2 since K 0 (O n ) = Z n−1 (n < ∞), K 0 (O ∞ ) = Z and the class [1] of unit 1 is the generator of K 0 (O n ) (cf. [Cu] ).
As an end of this paper, we will consider the csr(A) if A is a non-unital purely infinite simple C * -algebra. Our result is the following:
Theorem 2. Let A be a non-unital purely infinite simple C * -algebra. Then csr(A) = 2.
In order to prove this theorem, we need the following lemmas.
Lemma 3. Let A be a C * -algebra with unit 1 and let a = (a 1 , . . . , a n )
Lemma 4.
Suppose that A is a purely infinite simple C * -algebra. Then there exists a in A with 0 ≤ a < 1 such that aAa is non-unital.
Proof. Choose a non-trivial projection q in A. Since A is purely infinite simple, there is a projection q 0 in A such that q 0 < q and q 0 ∼ q. Using the same method as in the proof of [Cu, Lemma 1.8], we can find a sequence of pairwise orthogonal projections r i < q − r 0 in qAq such that r i ∼ q, i ≥ 0. Let {β n } ∞ 0 be a sequence in (0, 1) with lim n→∞ β n = 0. Set a = ∞ n=0 β n r n . Then a ∈ A and 0 ≤ a < 1. We now claim that aAa is non-unital for such a. If the statement is not true, then there is a projection R in aAa such that R is the unit of aAa. Thus we have Ra 3 = a 3 and R = axa < 1 2 for some x ∈ A. Consequently, r n ≤ R and
This implies that β 2 n x ≥ β 2 n r n xr n > r n − 1 2 = 1 2 which is contrary to the assumption that lim n→∞ β n = 0.
Proof of Theorem 2.
If A is a σ-unital, then by [Zh, Theorem 1.2] A is stable, i.e., A ∼ = A ⊗ K, where K is the algebra of all compact operators on a separable, infinite dimensional Hilbert space over C. In this case, csr(A) ≤ 2 by [Ni, Corollary 2.5] .
Consider the general case. For k ≥ 2, letã = (
, there is a projection r in A such that x(1 − r) < ε 2 by [LZ, Condition (ii) ] and [BP, Theorem 2.6] . Since (1 − r)A(1 − r) is purely infinite simple ( [Zh, Theorem 1.3]) , there is by Lemma 4 a c in (1 − r)A(1 − r) with 0 ≤ c < 1 − r such that cAc is non-unital. Put d = r + c.
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Then 0 ≤ d ≤ 1 and B = dAd is non-unital (if Q is the unit of B, Q − r must be the unit of cAc) and furthermore, we have
(for a i + λ i ≤ 1, λ i ≤ 1 and 
Since B is a non-unital , σ-unital, hereditary C * -subalgebra of A, it follows from [Zh, Theorem 1.2] that B is stable and consequently, by means of the above argument, there exists w ∈ U 0 k (B + ) ⊂ U 0 k (A + ) such that (c 1 , . . . , c k ) T = we k . Applying Lemma 3 to (4), we obtain thatã is in the component containing e k . Thus csr(A + ) ≤ 2. Now choose an isometry s in rAr with s * s = r, ss * < r. Set T = s + 1 − r. Then T is an isometry in A + . Therefore csr(A) = 2.
